We study coupling between the ferroelectric polarization and magnetization of granular ferromagnetic film using a phenomenological model of combined multiferroic system consisting of granular ferromagnetic film placed above the ferroelectric (FE) layer. The coupling is due to screening of Coulomb interaction in the granular film by the FE layer. Below the FE Curie temperature the magnetization has hysteresis as a function of electric field. Below the magnetic ordering temperature the polarization has hysteresis as a function of magnetic field. We study the magneto-electric coupling for weak and strong spatial dispersion of the FE layer. The effect of mutual influence decreases with increasing the spatial dispersion of the FE layer. For weak dispersion the strongest coupling occurs in the vicinity of the ferroelectric-paraelectric phase transition. For strong dispersion the situation is the opposite. We study the magneto-electric coupling as a function of distance between the FE layer and the granular film. For large distances the coupling decays exponentially due to the exponential decrease of electric field produced by the oscillating charges in the granular ferromagnetic film. 
I. INTRODUCTION
Currently the field of multiferroics is a very active area of research. [1] [2] [3] [4] [5] [6] It promises numerous applications, but provides much more fundamental challenges. Vast variety of different multiferroic materials are currently studied by many groups who are looking for strong magnetoelectric (ME) coupling. Among them are single crystals possessing intrinsic ME coupling, 7, 8 and composite multiferroics consisting of ferroelectric (FE) and ferromagnetic (FM) layers coupled due to strain or surface charges.
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Recently, granular multiferroics -materials consisting of magnetic particles embedded into FE matrix attract much attention. A novel mechanism of ME coupling involving the interplay of the Coulomb blockade effects, intergrain exchange interaction and ferroelectric dielectric response was proposed for these materials 19, 20 . This mechanism was studied using the microscopic theory. In particular, it was shown that the magnetization of granular multiferroics strongly depends on the FE state leading to the appearance of an additional magnetic phase transition in the vicinity of the FE Curie point and to the possibility of controlling the magnetic state of the system by an electric field.
In this paper we study the ME coupling mechanism in combined granular multiferroic -material consisting of granular ferromagnetic film (GFM) placed above the FE layer at distance d, see Fig. 1 . In contrast to the previous works, here we use a phenomenological approach. This approach allows to account for i) the spatial dispersion of the FE layer and ii) the influence of magnetic subsystem on the FE polarization. Both these effects were not discussed before.
According to Ref. 19 the coupling between the GFM
FIG. 1. (Color online)
Composite multiferroic -material consisting of granular ferromagnetic film placed at distance d above the FE layer (FE) of thickness h. Ferromagnetic film consists of ferromagnetic metallic particles (blue spheres) with finite magnetic moments (red arrows) embedded into an insulating matrix (I). FE layer has a polarization P along the z-axis.
film and the FE layer occurs due to screening of Coulomb interaction in the GFM film by the FE layer. The screening was discussed assuming that the FE layer is a dielectric with a local response. In this case the ME effect has a peak in the vicinity of the FE Curie temperature. However, real FEs have domain walls of finite thickness increasing with approaching the paraelectric-ferroelectric phase transition. The FE layer can not effectively screen the electric field with characteristic spatial length being smaller than the thickness of the FE domain wall. The characteristic scale for the electric field produced by the GFM film is defined by the intergrain distance. For FE domain wall thickness exceeding this scale the coupling between the FE and the GFM layers is suppressed. This leads to the decrease of the ME effect in the vicinity of the paraelectric-ferroelectric phase transition, contrary to the local response case. Such a behavior was not discussed before since the ME effect in the GMF film was studied assuming the local response of the FE layer. In this paper we study the influence of the FE spatial dispersion on coupling between the FE layer and the GFM film.
We use a phenomenological approach to study the system with spatial dispersion. Usually the ME coupling effects are treated using terms proportional to the product of polarization and magnetization, ∼ α me P n M n .
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We describe our system using three phenomenological parameters: 1) the FE polarization, 2) the GFM film magnetization, and 3) the spatial oscillations of charge in the GFM. The later parameter is crucial for granular materials since these materials have complicated morphology leading to the inevitable formation of charge oscillations. We use the local quadrupole moment to describe the system since the average polarization and the average charge in the granular film is zero. The microscopic theory of ME coupling in GMF shows that the charge oscillations are responsible for this coupling, thus supporting the use of these three parameters.
Phenomenologically the influence of the FE subsystem on the magnetic subsystem is described by the term involving both polarization and magnetization in the total energy of the system. 21 This contribution leads to the inverse effect -the influence of magnetic subsystem on the FE subsystem. This effect will be discussed in the present paper.
The paper is organized as follows. In Sec. II we discuss the model for combined granular multiferroic system. Using this model we consider two cases of weak and strong spatial dispersion of the FE layer in Secs. III and IV, respectively. In Sec. V we discuss the phenomenological and microscopic approaches. Finally, we consider the validity of our approach in Sec. VI
II. THE MODEL

A. System parameters
In this section we discuss the model of composite multiferroics -materials consisting of two thin layers: i) ferroelectric (FE) layer and ii) granular ferromagnetic film (GFM) made of ferromagnetic grains embedded into an insulating matrix, see Fig. 1 . The grains have average radius a of few nm with the distance between grains being 1 − 2 nm. The distance between the neighbouring grain centres is L g . Each grain is characterized by large Curie temperature, much larger than all other characteristic energy scales in the problem. Therefore, each particle is in the FM state. Due to the interaction between particles the macroscopic FM state may occur in the GFM film for temperatures T < T There are three phenomenological parameters characterizing the system: 1) the coordinate dependent electric polarization of the FE layer, P; 2) the average magnetization of the GFM layer, M; 3) the spatial oscillations of electric charge in the GFM film appearing due to inhomogeneous distribution of metallic inclusions in the granular film, see Fig. 2 . Even for equal number of electrons and ions in a certain grain, the electron wave functions extend beyond the metallic grains leading to the appearance of a non-zero local electric dipole moment. Opposite dipole moments of two neighbouring grains form a quadrupole moment between each pair of grains. Therefore the system is described by the ensemble of quadrupoles with momentsQ i , see Fig. 2 .
In addition, the system is characterized by several length scales. The domain wall thickness L p in the FE away from the transition point can be comparable with interatomic distance. In this case L p is smaller than the intergrain distance L g . Close to the transition point the situation is the opposite, L p > L g . The magnetic domain wall thickness L m in the GFM film is much larger than the intergrain distance, L m > L g .
B. Free energy
The total free energy of the system consists of three contributions: 1) the energy of the FE layer, W FE , 2) the energy of the GFM film, W GFM , and 3) the interaction energy between two subsystems, W I . Below we discuss each energy contribution in details.
Energy of granular ferromagnetic film, W
GFM
The free energy of GFM film, W GFM has two contributions
where W GFM m is the energy of magnetic subsystem
Here α M , β M , δ M are some phenomenological constants and B is the external magnetic field. The second contribution, W We define the electrical induction of electric field produced by quadrupole with unit moment (Q = 1) as D q i (r, r i ), where index i stands for quadrupole i, r i denotes the quadrupole position, and r defines the observer position. Below we will omit vectors r i for simplicity keeping the index i only. There are two different spatial distributions of electric field D q i corresponding to two types of quadrupoles. The total electric field produced by quadrupoles is D = Q i D q i . The phenomenological parameterQ i is different from the polarization P and magnetization M since quadrupoles appear due to complex morphology and not due to a phase transition. In the absence of magnetization and ferroelectricity the quadrupoles are described by the following free energy
2 , where Q 0 is the equilibrium magnitude of quadrupoles at a given temperature T and parameter α Q depends on temperature.
Quadrupoles interact with each other via electric field. The energy density of this field is
where Ω GFM is the volume of the GFM film. Without loss of generality we assume that beside the FE layer dielectric permittivity of all over space is approximately 1. The average electric field produced by the ensemble of quadrupoles is zero. Therefore the interference of external field E 0 and the quadrupole field is negligible,
The spatial charge oscillations produce an additional contribution to the system Coulomb energy W GFM . This contribution defines the coupling between quadrupoles and magnetic subsystem. The exchange interaction is the short range interaction. Thus we use the local coupling between parameter Q and magnetization M . Since Q is invariant with respect to the spatial inversion it enters linearly into the coupling term. Finally, we obtain the following result for the energy of quadrupoles
where γ is a phenomenological parameter. The higher order terms, σ 4 M 2 , σ 2 M 4 , and σ 4 M 4 can be taken into account as well. For simplicity we consider only the lowest order coupling term between Q and M . The microscopic origin of this coupling is discussed in Sec. V.
Energy of ferroelectric layer, W
FE
The free energy of the FE layer has the form,
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Here α P , δ P and β P are phenomenological constants and E 0 is the homogeneous external electric field directed perpendicular to the FE layer (z-axis). We notice that the charges responsible for the external field E 0 and quadrupoles in the GFM film have a different origin: the charges outside the GFM film are created by the voltage source leading to the fixed electric field E 0 but not to the fixed electric induction D 0 while the quadrupoles appear due to complex morphology producing a finite electric field induction D rather than the electric field E.
Interaction energy between two subsystems, W I
The coupling between the FE layer and the GFM film occurs due to the interaction of electric field produced by quadrupoles in the GFM film with the FE layer
where the FE polarization has the form
Here P 0 is the spontaneous (or external field induced) uniform polarization of the FE layer. It depends on the external field below and above the transition temperature T FE C . We assume that the electric field created by quadrupoles in the FE layer is weak. The terms P (1,2) (r) in Eq. (7) are the linear and quadratic responses of the FE to the quadrupoles field D
whereχ(r, r ) is the linear response function of the FE layer to the electric induction. In general,χ(r, r ) is a tensor depending on the polarization P 0 , temperature, and external electric field E 0 . Inside the FE layerχ(r, r ) depends on both coordinates r and r due to boundary conditions. In the bulk the susceptibility depends only on the coordinate difference (r − r ). The quadratic response in Eq. (7) has the form
whereχ (2) (r, r , r ) is the contribution to the susceptibility quadratic in the electric induction. Introducing Eq. (8) into Eq. (6) we find for the interaction energy
(10) The quadratic polarization P (2) (r) does not contribute to the interaction energy W I since it produces an odddegree oscillating electric field D.
Total energy of electric field
The total energy of electric field is given by the following expression
where we introduce the notation
The coefficient R depends on temperature T and the external electric field E 0 through the susceptibilityχ(r, r ). In addition, the coefficient R also depends on the distance between the GFM film and the FE layer and on the FE thickness.
C. Variational procedure
Minimizing the total energy of the system in parameter Q we obtain the equation describing the magnitude of quadrupole
This equation has the solution
We notice that Q depends on both subsystems -the GFM film magnetization and the FE layer polarization through coefficient R leading to the coupling between the FE polarization P and the GFM magnetization M . The equation describing the magnetization behaviour (up to linear in parameter γ terms) has the form
The magnetization M is parallel to the plane of the GFM film. The magnetic field existing at the film edges is negligible due to large area of the film. We assume that the magnetization M in Eq. (15) is uniform because the domain wall thickness in the GFM film is much larger than the intergrain distance and the film thickness. The coefficientα M depends on the FE state through coefficient R and have some peculiarities in the vicinity of the FE Curie point due to singularities in the susceptibilityχ(r, r ). Since the coefficient R depends on the external field E 0 one can control the magnetic state of the GFM film by the electric field. The influence of the GFM film on the FE layer is finite due to electric field created by quadrupoles.
III. FE WITHOUT SPATIAL DISPERSION
In the absence of spatial dispersion the FE susceptibility has the formχ (r, r ) =χδ(r − r ).
Substituting this result into Eq. (12) we find the following result for coefficient R
We assume that the FE layer has the anisotropy axis perpendicular to the layer surface. The quantities χ || and χ ⊥ describe the longitudinal and perpendicular susceptibility, respectively. The subscripts || and ⊥ define the longitudinal and perpendicular components of electric induction.
To find the susceptibility in the absence of spatial dispersion we need to solve the following equation
which has the solution
where
It follows from Eq. (20) that for zero external field E 0 the susceptibilityχ < 1/(4π).
A. Influence of FE layer on the GFM film
In this subsection we investigate the influence of FE layer on the magnetic subsystem. In the absence of spatial dispersion of the FE, Eq. (15) has the form
with the following coefficients
Equation (22) is valid for R α Q meaning that the interaction of the GFM with the FE layer leads to the renormalization of the constant α M . Changing the FE susceptibilityχ(r, r ) by the external electric field one can change the FM ordering temperature. Since the susceptibility of FE has some peculiarity in the vicinity of the FE Curie point, the magnetic properties of the GFM film should also exhibit some peculiarities in the vicinity of the FE Curie point. The temperature dependence of magnetization and magnetic susceptibility of GFM film at zero external magnetic field is shown in Fig. 3 . Both limits of T are relevant since the ordering temperature of GFM can be rather large reaching the room temperature, 27, 28 and because the FE's with the Curie point below and above the room temperature exist, [29] [30] [31] . Figure 3 with the following parameters:
. Since the sign of parameter γ is unknown we plot curves for both signs (dashed and dash dotted lines in Fig. 3(a,b) ). The case without FE layer is shown by solid line for comparison.
The interaction of FE and GFM layers leads to two effects: 1) The shift of the GFM film ordering temperature which can be estimated as follows
where χ ||,⊥ is taken in the vicinity of the transition temperature T FM C . The shift direction depends on the sign of interaction.
2) The peculiarity of magnetization and magnetic susceptibility in the vicinity of the FE phase transition. The maximum deviation of magnetic susceptibility occurs at the FE phase transition point. For T FE C > T
FM C
it has the form
the correction is twice smaller. The change of magnetization at the FE Curie point is
We notice that even at the point of the FE-paraelectric phase transition the susceptibilityχ is finite supporting the assumption of weak spatial dispersion.
For large values of parameters γ and R ||,⊥ the additional phase transitions may occur in the vicinity of the FE phase transition, see Fig. 4 . The curves in Fig. 4 show the ME effect discussed in Ref. 19 and 20 using the microscopic theory. These curves are plotted for the same parameters as in Fig. 3 , except γ || = ±3000 erg/(Oe −2 cm 3 ) and γ ⊥ = ±150 erg/(Oe −2 cm 3 ). Sign "+" corresponds to Fig. 4(a) while sign "−" -to Fig. 4(b) .
The dielectric susceptibilityχ depends on the external electric field E 0 . Therefore magnetic properties of the GFM film also depend on the electric field. Figure 5 shows the GFM magnetization vs. external electric field E 0 at zero applied magnetic field. The system parameters are the same as in Fig. 3 , T In this case the FE layer has the spontaneous polarization. The dielectric susceptibilityχ strongly depends on the electric field, see inset in Fig. 5 . The longitudinal part χ || has a peculiarity at the point of polarization switching ±E s . The perpendicular susceptibility χ ⊥ diverges at a certain point ±E p . Due to these peculiarities the magnetization strongly depends on the electric field E 0 showing the hysteresis behavior.
Equation (18) is not valid at points ±E p since the susceptibility χ ⊥ diverges at these points and it can not be considered using perturbation theory in quadrupoles field D.
The FE layer influences the magnetic susceptibility χ M for temperatures T FM C < T FE C . Figure 6 shows the magnetic susceptibility χ M vs. electric field E 0 for temperatures T FM C < T < T FE C . In this temperature widow the susceptibility has hysteresis. 
B. Influence of GFM film on the FE layer
In this subsection we investigate the influence of magnetic subsystem on the FE layer. The correction to the polarization P quadratic in the electric induction D has the form
The correction P (2) averaged over the FE volume is parallel to the polarization P 0
where R * ⊥,|| = Ω GFM R ⊥,|| /Ω FE . Using Eq. (14) for parameter Q we find it has a hysteresis dependence on the magnetic field, B ext .
The temperature dependence of the FE layer polarization is shown in Fig. 7 . The curves are plotted for We use the Ewald approach to calculate the electric field of two dimensional periodic lattice of quadrupoles. The field produce by this lattice is periodic in the (x,y)-plane and decays along the z direction. The spatial Fourier harmonics of the field are given by
. There are two quadrupoles,Q /L g , 0) . Using Eq. (29) we obtain
The amplitude of electric field oscillations decays with distance as e −2πz/Lg . The parameter R is averaged over the volume of the FE (d < z < h + d). Using Eq. (30) we find
The magneto-electric coupling exponentially decays with increasing the distance between the GFM film and the FE layer with the characteristic decay length being the intergrain distance, L g . The coefficients R saturates with increasing the FE thickness h due to the exponential decay of the electric field with distance d. The saturation occurs for thickness's h larger than the intergrain distance L g leading to weak influence of the GFM film on the FE layer.
IV. FE WITH STRONG SPATIAL DISPERSION A. Influence of FE layer on the GFM film
The coupling between the FE layer and the GFM film depends on the parameter R, see Eq. (12). Above we discussed the case of FE without spatial dispersion meaning that the FE responseχ(r, r ) is local. In the opposite case, of strong spatial dispersion we can consider χ(r, r ) = const, being independent of coordinates. In 
(32) The average field created by the ensemble of quadrupoles is zero. Therefore, for strong spatial dispersion the FE layer and the GFM film are decoupled since the parameter R → R 0 . Thus, below we consider the quantity R with large but finite spatial dispersion.
The linear response of the FE layer is described by the following equation
This equation differs from Eq. (18) by the term with spatial derivatives responsible for dispersion. We use the following boundary condition for polarization, (P (1) ) z = 0| z=h,h+d , with h and h + d being the boundary position of the FE layer, 25, 33, 34 . It was shown in Sec. III C that the electric field D produced by the lattice of quadrupoles is periodic in the (x,y) plane and decays in the z-direction. For distances |z| > L g away from the GFM film the field has (x,y) spatial Fourier harmonics with only |k ⊥ | = 2π/L g and the decay length k d = 2π/L g . Such a field can be considered as a wave with zero wavevector |k|
Therefore the partial solution of Eq. (33) has the form
And the uniform solution has the form
where the vectors C 1 and C 2 depend on the x and y coordinates similar to the electric field D.
λ is the tensor. The appropriate components of tensor χ −1 should be used for each vector component C 1,2 . Using the boundary conditions we find the coefficients C 1,2
HereD = e k ⊥ z D.D depends on the coordinates x and y only, since D ∼ e −k ⊥ z . For strong spatial dispersion and thick FE layer the linear polarization has the form
The characteristic length scale for coefficients R ||,⊥ is the distance between two centres of neighbouring grains L g . This is the consequences of the fact that the electric induction D in the FE layer decays exponentially. For estimates we use z − d ≈ L g and (z − d)k ⊥ ≈ 1. Thus, we find for polarization
Using Eq. (39) we calculate the coefficient R
The coefficient R ||,⊥ is calculated using Eq. (17) with electric field given by Eq. (30) . It follows that the influence of the FE layer on the GFM film is suppressed The equation for magnetization has the form
In contrast to the weak dispersion case, here the susceptibility χ is present in the denominator leading to a different dependence of magnetization on temperature and electric field. Figure 8 shows the magnetization M behavior in the vicinity of the critical temperature T FE C for strong spatial dispersion. All parameters for GFM film and the FE layer are the same as before. The parameter δ P was chosen such thatγ ⊥ = 0.05 erg/(Oe −2 cm 3 ) andγ || = 0.05 erg/(Oe −2 cm 3 ). The influence of the FE layer on the magnetization in the case of strong dispersion is the opposite to the case of weak dispersion: It is small in the vicinity of the FE-PE phase transition and increases with increasing the distance from the critical temperature T FE C . In general, increasing the difference |T − T FE C | one can study the crossover from strong to weak dispersion. Thus, the dependence of magnetization on temperature can be considered as a combination of Figs. 3 and 8 . The crossover temperature between two regimes depends on the system parameters.
The magnetization M vs. external electric field E 0 is shown in Fig. 9 for T FM C > T
FE C
and fixed temperature T = 150 K. In contrast to the limit of weak dispersion, where magnetization M has some peculiarities at fields ±E p , the magnetization in this case has the peculiar points at fields E 0 = ±E s . This is the consequence of the fact that the susceptibilityχ is present in the denominator.
For thin FE layer the polarization is given by
This polarization produces similar behavior of magnetization as a function of temperature and electric field with slightly modified coefficients. For thin FE film the coefficientsR ⊥,|| are linearly depend on the FE thickness, h.
B. Influence of GFM film on the FE layer
In this subsection we investigate the influence of GFM film on the FE layer in the case of strong dispersion. The equation describing the part of polarization quadratic in the electric induction has the form
To solve Eq. (44) we use the same boundary conditions as we used before for P (1) . We are interested in average polarization P (2) appearing due to nonlinear response. Only the average z-component of P (2) is non-zero. P (2) z has a contribution with k ⊥ = 0. For this component we
Here the notation x,y stands for averaging over the (x,y) plane. The field D 2 decays with distance as e −2k ⊥ z , where k ⊥ = 2π/L g . Therefore the partial solution of Eq. (45) has the form
We neglect the term with the susceptibility (χ) −1 in Eq. (45). The uniform solution for k ⊥ = 0 has the form of the FE leading to the strong influence of the FE state on the intergrain exchange interaction and consequently on the magnetic state of granular film, 19 . For small localization length, ξ < min(a, L g ), the exchange interaction has the form J ∼ ξ 2 e −κLg/ξ , where κ is a positive number of order one. At equilibrium, without FE, this expression can be linearized in ξ around ξ 0 , J = J 0 + (ξ − ξ 0 )γ, where ξ 0 is the localization length in the absence of FE layer. Changing the localization length ξ one can control the exchange interaction and thus the magnetic state of granular film.
For small localization length, ξ a, one can calculate the quadrupole moment of two electrons between the grains, Q xx ≈ ξe(3a/5 − 9L g /16), Q yy = Q zz = −1/2Q xx , Q = Q xx +Q yy = 1/2Q xx . Calculating Q xx we assumed that positively charged ions are located inside the grains and we averaged over the region between the centres of two grains, −L g /2 < z < L g /2, see Fig. 2(b) . Thus, the quadrupole moment Q is a linear function of localization length ξ and therefore the exchange interaction can be written as J = J 0 + (Q − Q 0 )γ.
VI. DISCUSSION
In this section we discuss the validity of our model. The real granular films can not be described by the regular lattice since materials have always some degree of disorder. The quadrupole moments fluctuate in space, magnitude, and orientation due to this randomness. However, the presence of disorder does not change qualitatively our main results. In particular, the electric field produced by the GFM film decays exponentially with distance leading to the same results. The coupling between the GFM film and the FE layer decreases with increasing the spatial dispersion of the FE layer. This effect is suppressed for FEs with domain wall thickness exceeding the average intergrain distance. For strongly disordered films one can use a continuous spatial distribution of quadrupole moments.
For multilayer system of grains only the nearest layer to the FE substrate will interact with the FE due to the exponential decay of coupling with distance.
In our consideration we used a certain type of boundary conditions for FE polarization, with polarization derivatives being zero at the interface. In general, one can use the following combination for boundary conditions, ζ 1 P + ζ 2 (P ) z = 0. It does not change qualitatively our results.
VII. CONCLUSION
We described the coupling between the FE polarization and magnetization of GFM film using a phenomenological model of combined multiferroic system consisting of granular ferromagnet film placed above the FE layer. We showed that the coupling is due to the presence of oscillating in space electric charges in the GFM film. On one hand these charges interact with the FE layer via Coulomb interaction. On the other hand they are coupled with the magnetization leading to the mutual influence of the FE polarization and the GFM film magnetization even for space separated FE layer and the GFM film. This model allows to study the importance of spatial dispersion of FE polarization and to understand the influence of GFM film on the FE polarization.
We studied the temperature and electric field dependence of magnetization and magnetic susceptibility of GFM film for weak and strong spatial dispersion of the FE layer. We calculated the electric polarization as a function of temperature and magnetic field and investigated the influence of the FE state on the magnetization and magnetic susceptibility and vice versa. The effect of mutual influence decreases with increasing the spatial dispersion of the FE layer. For weak dispersion the strongest coupling occurs in the vicinity of the FE-PE phase transition. For strong dispersion the situation is the opposite. We showed that for temperatures T < T FE C the magnetization has hysteresis as a function of electric field. For strong coupling the interaction of the FE layer and the GFM film leads to the appearance of an additional magnetic phase transition. Below the ordering temperature of GFM film the FE polarization has hysteresis as a function of magnetic field.
We studied the behavior of magneto-electric coupling as a function of distance between the FE layer and the GFM film. We showed that for large distances the coupling decays exponentially due to the exponential decrease of electric field produced by the oscillating charges in the GFM film.
We showed that magneto-electric coupling depends on the thickness of the FE layer. For thin layers it grows linearly and saturates for thickness's exceeding some critical value. ACKNOWLEDGMENTS I. B. was supported by NSF under Cooperative Agreement Award EEC-1160504, NSF Award DMR-1158666, and NSF PREM Award.
